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ABSTRACT

In this paper, we firstly introduce a new second-order generalized weak subdifferen-
tial for a set-valued mapping by means of the second-order generalized Studniarski
epiderivative and scalarization. We secondly discuss an existence theorem and some
properties of the second-order generalized weak subdifferential. Finally, we obtain
the optimality conditions for locally strict efficient solutions of order two in a com-
posite set-valued optimization problem. Several main results improve and generalize
the corresponding results in the literature.
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1. Introduction

The crucial significance of the subdifferential in optimization is widely acknowledged,
and there are mainly two ways to define the notion of subdifferential. One approach
is a generalization of the standard definition by using continuous linear mappings, see
[1=7]. Another approach is based on a characterization of the subdifferential using dif-
ferent derivatives. In this framework, Clarke [¢] defined the Clarke’s subdifferential by
means of the generalized directional derivative. Afterwards, the notions of subgradients
and subdifferential have been investigated by many authors. Baier and Jahn [J] used
contingent epiderivative to introduce the notion of subdifferential for a cone-convex set-

valued mapping and discussed its properties. Song [10] introduced a notion of the weak
contingent generalized gradient for set-valued mappings associated with the contingent
epiderivative of set-valued mappings. Guo et al. [1 1] proved an existence theorem of the
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subdifferential for set-valued mappings introduced by Borwein [2] and gave relations be-
tween this subdifferential and the subdifferential introduced by Baier and Jahn [9]. Guo
et al. [12] defined a generalized e-subdifferential for a set-valued mapping by means of
the radial epiderivative and a norm. They also gave a relationship between the existence
of the radial epiderivative and the existence of the generalized e-subdifferential for a set-
valued mapping. Nguyen et al. [13] established KKT-type robust necessary conditions
for robust (weakly) efficient solutions via the subdifferentials of C-derivatives to such
problems. Wei et al. [11] discussed Lagrange multiplier rules via Clarke subdifferentials
for generalized optimization problems. Yalcin and Kasimbeyli [15] established relation-
ships between the radial epiderivative, Clarke’s directional derivative, Rockafellar’s sub-
derivative, and the directional derivative. They also presented explicit formulations for
computing the radial epiderivatives in terms of weak subgradients and vice versa. By
using tools from capacity theory, Alphonse and Wachsmuth [10] derived that derivatives
of the solution maps of the penalised problems converge in the weak operator topology
to an element of the strong-weak Bouligand subdifferential.

Recently, Anh [17] introduced second-order generalized subdifferential for a set-valued
mapping by means of second-order generalized Studniarski epiderivative. Wang and
Zhang [18] defined the second-order weak subdifferential of vector-valued mappings by
means of scalarization and examined some properties of the concept. To the best of
our knowledge, there are numerous set-valued mappings for which the above-mentioned
second-order generalized subdifferentials [17] do not exist. To improve the case, moti-
vated by the work in [12, 17, 18], we introduce a new second-order generalized weak
subdifferential of set-valued mappings, establish some of its properties, and discuss its
applications to optimality conditions of composite set-valued optimization.

This article is structured as follows. In Sect. 2, the primary concepts and definitions
that will be used in the sequel are reviewed. In Sect. 3, a new second-order generalized
weak subdifferential of set-valued mappings is introduced, and a few of its properties are
investigated, such as convexity, the sum rule, etc. In Sect. 4, the second-order generalized
weak subdifferential is exploited to set up the optimality conditions for locally strict
efficient solutions of order two. In Sect. 5, a concise synopsis of the entire article is given.

2. Preliminaries

Throughout the paper, let X and Y be two real topological linear spaces, R" be an
m-~dimensional Euclidean space, and v; C Y be a solid closed convex pointed cone.
Bx(x,r) is used for the closed ball with radius r > 0 and centered at x € X and U(z)
for the set of all neighborhoods of z. By X* and Y* we denote the topological dual
spaces of X and Y, respectively. The dual cone of ~; is defined as

yi={y1 €Y : (yi,p1) =20, Yy €n}.

Ox and Oy stand for the original points of X and Y, respectively. The interior and closure
of v1 are denoted by int~; and cl~y;, respectively. cone #1 = {Ay1 : A >0, y1 € #1}
denotes the cone hull of #1, where #; is a nonempty subset of Y. The space Y is
endowed with a partial order relation <., /=<, induced by the cone~; as follows: for
any yi,y2 € Y

Y1 =+, y2 if and only if yo — y1 € 11,
Y1 <~, Yo if and only if yo — y1 € int ;.
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Let X : X — 2Y be a set-valued mapping. The graph, epigraph and domain of X are,
respectively, denoted by

grN={(z1,y1) e Xx Y: 21 € X,y; € (1)},
epiN = {(z1,11) e X xY:21 € X,y1 € N(x1) + M}

and
dom N = {z; € X: N(z1) # 0}.

Let yo € Y. Denote

R(X) = | J N(z) and N(z) — yo = N(z) — {y0} -
zeX

In what follows we recall also some basic concepts and results.

Definition 2.1.[l] Let #1 be a nonempty subset of Y. #1 is said to be convex if for
any 0 € [0,1] and for each x1,y1 € #4,

dr1 + (1 =8y € 7.

Definition 2.2.[5] A set-valued mapping X : X — 2¥ is said to be strictly positive
homogeneous if

N(5$1) = (5N(.’L’1), Vo >0,z1 € X.
Definition 2.3.[19, 20] Let ® : X — 2Y be a set-valued mapping, u € X' C X and
veR(p).
(i) A point (p,v) is said to be a minimizer of X on X', denoted by (p,v) € Min,, X(X')
if
(RX) =v) N (=m1) = {0v}.

(ii) A point (u,v) is said to be a locally strict minimizer of order two, denoted by
(p,v) € Strl,, (X, X';2) if there exist o > 0 and U € U(p) such that

(R(p) =) N (=) = {0v}

and

(R(z) +7) N By(v,allz — u|?) =0, vVee X NU)\{u}.
Definition 2.4.[17, 21, 22] Let X : X — 2¥ be a set-valued mapping, p € X' C X and
v e R(p).

(i) The contingent cone of X' at u is defined by
Ty (u) = {m €eX:3t, - 0", 3z, =z, st W+ thr, € X'} .

(ii) The second-order Studniarski set of epiR at (u,v) is defined by
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epi N (,u,u) = {($7y) € X X Y : th — O+?3($n7yn) - (:E?y)

s.t. (,u + thTn, vV + t%yn) € epi N} .

(iii) The second-order generalized Studniarski epiderivative G-ED2R (u,v) of R at
(u,v) is the set-valued mapping from Tx: (p) to Y defined by

G-EDZR (u,v) (z) = Min,, {y € Y: (z,y) € Sgpm (n,v)} .

Remark 2.1. From [23, Proposition 2.3], we know that Txs (u) = clcone(X' — u) if X'
18 convez.

Definition 2.5.[19, 21] A subset #1 of Y fulfills the domination property if #1 C

Definition 2.6.[25] A set-valued mapping N : Q@ — 2Y, where Q is a nonempty set of
X, is called to be generalized ~1-subconvexlike on Q if there exists 6 € inty; such that
for each x1,29 € Q, ¢ € [0,1] and € > 0, there exist x3 € Q and n > 0,

et + (R(z1) + (1 = ON(z2) S 7R (23) + 71

Remark 2.2. [t follows from [25, Theorem 2.1] that coneX (Q) + inty; is convex if N
1s generalized ~y1-subconvezlike on Q.

3. Second-order generalized weak subdifferentials

In this section, we introduce a new second-order generalized weak subdifferential of
set-valued mappings and discuss its existence and some properties. To start, we shall
expound upon the lemma and definition below.

Lemma 3.1. Let X : X — 2Y be generalized 7y -subconvezlike on X. Then one and only
one of the following statements is true:
(i) There exists x € X such that

N(z) N (—intyy) # 0;
(ii) There exists ¢ € v\ {0y} such that
(p,y) 20, VyeRX).

Proof. By Remark 2.2, we obtain cone X(X) 4 int y; is convex. The desired conclusion
can be obtained by [26, Theorem 3.1]. Thus, the proof of this lemma is complete. [J

Definition 3.1.[17] Let X : X — 2V be a set-valued mapping, p € X' C X and v € R(u).
The second-order generalized subdifferential of R at (u,v) on X' is defined by

O*R (p,v) = {LeLXY): G-ED%X (u,v) (x1) C L(z1) + 71, Vap € Ty (W)},

where L(X,Y) denotes the space of linear operators from X to Y.
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Motivated by the subdifferentials in [12, 17, 18], we propose the new second-order
generalized weak subdifferential for a set-valued mapping.

Definition 3.2. Let X : X — 2¥ be a set-valued mapping, p € X' C X, v € N(u)
and G-ED2R (u,v) exists. A pair (z3,¢,y}) € X* x Ry X 7 is called the second-order
generalized weak subgradient of X at (u,v) on X' if

<y1<ay1> > <IT,[L‘1> - C”l“lna \V/Cﬂl € TX’ (:u’) yY1 € G_ED,%'N (.LL’ V) (I’l)
The set

DR (p1, v)

= {(@1,c.91) : (Wi ) > (@f,21) —cllaall,  Var € T (1), 31 € G-EDER (u,v) (21) }
of all second-order generalized weak subgradients of W at (u,v) on X' is called the
second-order generalized weak subdifferential of X at (u,v) on X'. N is called second-

order generalized weak subdifferentiable at (u,v) on X' if 02R(u,v) # 0. Obviously,
(OX* , 0, Oy*) S 85?‘2(#, I/).

Remark 3.1. [t is clear that R is second-order generalized weak subdifferentiable at
(1, v) if N is second-order generalized subdifferentiable at (p,v), and the converse may
fail. So the notion of the second-order generalized weak subdifferential is better than the
second-order generalized subdifferential.

The next example illustrates Remark 3.1.

Example 3.1. Let X' = X =R, Y = R?, L(X,Y) be the space of linear operators from
Xinto Y, 1 = R% and R : X — 2V be a set-valued mapping given by X(x) = {(y1,y2) €
Y :yp +yo > 22}, Take (u,v) = (0,(0,0)). Then we obtain

G-EDEN(0,(0,0))(z) = {(y1,y2) € Y : y1 + y2 = 2*}
and
(0,0,(1,1)) € 92R(0, (0,0))
={(z},c1, (5, 93)) ERx R : 2fz < cilz| + yiy1 + vsyo, 2° = y1 + 2} -
It follows from [17] that
R (0, (0,0))
= {L € L(X,Y) : G-EDER(0,(0,0)) (z) C L(z) +m, Yz €Tx (0)} =0.

We now discuss the existence of the second-order generalized weak subgradients.

Theorem 3.1. Let X : X — 2¥, 4 € X' C X, v € R(u) and G-ED2R (u,v) ez-
ists. If G-ED%X (u,v) (Txr (n)) N (—inty1) = 0 and G-ED2X (u,v) is generalized v1-
subconvezlike on Tx: (1), then 02X (u,v) # (.

Proof. By Lemma 3.1, it follows that there exists (z*,c,y*) € X* x Ry x (77\{0y-})
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such that
(y*,y) > 0= (z*,2) —c|z|, VYa €Ty (n),y € G-EDIR (u,v) (z).

Thus, (0x-,0,y*) € 02R(u, v). This completes the proof. O

In the remaining sections, we always assume that second-order generalized Stud-
niarski epiderivatives exist. Now we discuss some properties of the second-order gener-
alized weak subdifferentials.

Proposition 3.1. Let X : X — 2¥ be a set-valued mapping, p € X' C X and v € N(u).
Then the set 92X (u,v) is convex.

Proof. Let (x1,c1,v1), (22, c2,92) € 92X(u,v) and ¢ € [0,1]. Then, it follows from
Definition 3.2 that

<y17y> > <$1,.’L’> - ClHIIZ‘H, Vr € Tx (,U,) Y € G—ED%N (:U’a V) (.’L’),
<y27y> > <$2,x> - CQH‘TH7 Vr € Tx (:u) Y € G_ED%N (:U’a V) (.Z')

and

C{y1y) > C(zy, @) — Cerllwll, Vo € Ty (u),y € G-EDEN (p,v) (), (1)

(1= (w29 = (1= Q) (w2,2) = (1= Qezllall, Vo € T (u),y € G-EDIR (1, v) (:(62))

Together with (1) and (2), we have

(Cy1+ (1= Qy2,y) = (Cr1 + (1 = Q)w2, x)
— e+ (1 =Qe)llzl, VzeTw(n),ye G-EDR(u,v)(z)

and

(Cz1 + (1= Q)mwa, Cer + (1 = ea, Cyr + (1= Q)ya) € D R(p, v).
Therefore, we obtain that the set 92N(u,v) is convex. That’s the end of the proof. [

Proposition 3.2. Let X : X — 2¥ be a set-valued mapping, p € X and v € N(p). If R
1s strictly positive homogeneous, then

OEN(Su,v1) = O2R(p,v), V6 >0,

where v; = dv.

Proof. We first prove that 92X(5u, 1) C 02R(u, v).
Let (z*,¢,y*) € 02N(5u,11). Note that, by Definition 3.2, we have

(" 1) = (27, 6x) — cl|oz]|, Yoz € Tx (5p),y1 € G-EDER (O, 11) (0).
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Since N is strictly positive homogeneous and Tx (6u) = Tx (), one gets

G-EDER (5p,v1) (6z) = Miny, {y1 € Y: (6z,y1) € plN (6p,11)}
= Min,, {5y eY: (x, ) plN (w 1/)}
=0Min,, {y € Y: (z,y) € S (1, v)}
= 6G-ED3R (1, v) (z).

Moreover,
(y*,0y) > (2*,02) — cllozll, Va € Tx (n),y € G-EDIR (p,v) (),
ie.,
(y*y) = («*,2) —cllall, Vz € Tx(n),y € G-EDIR (n,v) (2),
that is,
(a",¢.y") € OaR(p,v).
Thus, we obtain
O2R(6y1,11) C BBR(yi, ).

Next, we prove that 02R(u,v) C 92R(5u,v1).
Let (2%, ¢,y*) € 02R(u, v). Then, it follows from Definition 3.2 that

(y* y) > (a*,2) —c|lzll, Yz € Tx(p),y € G-EDIR (p,v) ().
Since ¢ > 0, we have

(y*,6y) > (x*,x) — c||oz||, V€ Tx(u),y € G-EDER (u,v) (z).

Also, since X is strictly positive homogeneous and Tk (du) = Tx (u), it holds that

§G-ED%X (u,v) (z) = G-EDAR (0, 1) (61).

Moreover,

(y*, 1) > (@*, 62) — c||dz(|, Vox € Tx (6p) ;31 € G-EDER (6, 11) (9),

ie.,
(.%'*, ¢, y*) € 81%)N(5/’L7 Vl)a
that is,

2R (p,v) C OER(Spu, v1).

105
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Then, we obtain
DR(Op,v1) = DR(p, v).
Thus, this completes the proof of the proposition. O

Proposition 3.3. Let X : X — 2Y be a set-valued mapping, p € X' C X and v € R(u).
If the following conditions are satisfied:
(i) (z—p,y—v)e Se2piN (u,v) for each x € X' and y € N(x);

(ii) {y eY: (z,y) € SezpiN (1, V)} fulfills the domination property for each x € X'—p;
then for each (x%,c,yt) € 02R(u,v), 1 € X' and y; € R(x),

(Wi, y1 —v) € (21,21 — p) — cllzr — pll + Ry
Proof. For each x1 € X" and y; € R(z1), it follows from the domination property that
y1 — v € G-ED%X (u, v) (x1 — p) + 1.
From Definition 3.2, one gets
Wiy —v) € (af, 21— p) — cllzr — pl| + Ry

The proof is complete. O

Proposition 3.4. Let X, G and R 4+ G : X = 2V be three set-valued mappings, p €
X CX,veRu),n €Gu)and vo = v+ . If G-EDER (u,v) (Tx (1)) € 71,
G-ED%G (u, 1) (Tx (1)) € y1 and G-ED%(X + G) (u, vo) (¥) € G-ED3R (u,v) () +
G-ED%G (, 1) (z) for each x € Tx (1), then

D R(p, v) + G (p, 1) C (R + G) (1, 1),

Proof. Let (x3,c1,9;) € 02R(u,v) and (73, ca,y3) € 02G(u,v1). Then, by Definition
3.2, we obtain

(i y) = (a,2) —callzll, Ve € T (n),y € G-EDEX (n,v) (z)
and
(s, 91) > (23, 2) — eallzll, Vo € T (u) 51 € G-EDSG (1, 11) ().
Since G-EDZR (u,v) (Tx (1)) € 71 and G-ED2G (pu, 1) (Tx (1)) € 71, we have
(Wi +93,9) > (a1, 2) —allz]l, Vo€ To (u),y € G-EDZR (u,v) (x)  (3)
and

i +v5,01) > (25, 2) —co|lz|, Vo € T (1), 91 € G-EDEG (u,v1) (z).  (4)
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Together with (3) and (4), one has

(U1 +y2,y +41) = (21 + 25, 2) — (e1 + c2) ],
Vo € Tx (:u) RS G'ED?S'N (,LL, V) (x)ayl € G‘ED?S'G (,U, Vl) (113‘)

Since

G-EDX(R+G) (. v2) (v) € G-EDEX (u.v) () + G-ED3G (1) (a),  Var € T (1),

one gets
(W1 +v2,52) = (2] + 25, 2) — (1 + c2) [z,
Vo € Ty (1) ,y2 € G-EDA(R + G) (u, 1) ().

So

(1, c1,91) + (25, ¢2,53) € O (R + G) (p, 12).
Therefore,

TaR(p,v) + 05 G (k1) C O (R + G)(u, v2).
The proof is complete. O

Remark 3.2. (i) When G-ED2R (u,v) (Tx (1)) € 71, the conclusion of Proposition
3.4 may not hold.

(ii) V2 can not be omitted in [27, Theorem 4]. However, Proposition 3.4 need not be
pointed out.

Now, we give two examples to illustrate Proposition 3.4 and Remark 3.2(i), respec-
tively.

Example 3.2. Let X' = X =R, Y = R?, = R%— and G : X — 2Y be defined,
respectively, by N(x) = {(y1,92) € Y : g1 > 2%,y2 > 2%} and G(x) = {(y1,92) € Y :
Y1 > 222, yp > 222}, Take (p,v) = (u,11) = (u,2) = (0,(0,0)). Then

G-ED§X (u,v) (z) = {(«,2%)},

G-BDG (,11) () = {(20%, 27)}
and
G-EDE(R+G) (n,12) (2) = {(32%, 32”)}.
By direct calculation, we get

IER(0,(0,0)) = { (21,1, (y1,43)) ERx R : [z]| < 1},

93,G(0,(0,0)) = {(a3, c2, (y1,33)) € R x RY : [a3] < 2}
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and
D2 (N + G)(0,(0,0)) = {(x*,c, (y1,v5)) € R x sz’r Dt < c} .
Obviously,

aER(0, (0,0)) + 95,G(0,(0,0)) = {(z*, ¢, (47, 3)) € R x R} : |27 < ¢}
C 92 (R + G)(0,(0,0)).

So Proposition 3.4 holds here.

Example 3.3. Let X' = X =R, Y = R?, 4 = Ri and G : X — 2Y be defined,
respectively, by N(z) = {(y1,y2) € Y : y1 +y2 > 2%} and G(z) = {(y1,42) € Y : g1 >
222 yo > 222}, Take (u,v) = (u,v1) = (p,2) = (0,(0,0)). Then

G-EDEX (p,v) (2) = {(y1,92) € Y : y1 +y2 = 2},

G-ED%G (u, 1) (z) = {222,227}
and
G-EDZ(R+ G) (1, v2) (2) = {(y1,92) € Y : y1 +y2 = 5a?}.
By direct calculation, we get

(0,0, (1,1)) € 92X(0, (0,0))
={(z},c1, (0}, 13)) € R xR : afz < erlz| + yivr + vhyo, 2° = 1 + 2},

(0,0,(1,2)) € 92G(0,(0,0)) = {(¢3, c2, (47, 93)) € R x R} : |23] < en}

and

92 (R + G)(0,(0,0))

= {(=*, ¢, (y1,13)) € R X RY s a*w < cla| + yiyn + y3y2, 52° = y1 + ya} -
Obviously,

(0,0,(1,1)) + (0,0,(1,2)) = (0,0,(2,3))
¢ 02 (N +G)(0,(0,0)).
So one shows Remark 3.2(i) here.
By Proposition 3.4, we obtain the following corollary.

Corollary 3.1. Let 8; : X — 2Y be set-valued mappings, i = 1,...,1, p € X' C
X, v; € Nj(p) and 2 = 22:1 vi. If G-ED3; (u,v;) (T (p)) € 7, @ = 1,...,1 and
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G-ED%(Zézl N;) (, 2) (z) C Zi:l G-ED%X; (n,v;) () for each x € Tx (1), then

l

282 (1) COL(D_ ) (1 %),

=1

4. Optimality conditions

In this section, let Z be a real topological linear space and C' C Z be a closed convex
pointed cone with int C' # (). We consider the following constrained set-valued optimiza-
tion problem:

min N(z),

(SOP) { st. Gx)N (=C) £0, zeX),

where X’ is a nonempty subset of X, X : X’ — 2¥ and G : X’ — 2% are two set-valued
mappings. Let A = {x € X' : G(z) N (—C) # 0}. Now, consider the following composite
set-valued optimization problem for (SOP):

sop) { M e R

where ¢ € Y*\ {Oy-}.

Definition 4.1. [20] Let p € A and v € X(p). A point (,v) is said to be a locally strict
efficient solution of order two for (SOP,) if there exist « > 0 and U € U (p) such that

({2 R(p)) = (e, v)) N (=Ry) = {0}

and

({p, X(x)) +Rs) N Be((p,v) allz — pl?) =0, Vo e (ANU)\{n}.

The optimality conditions for locally strict efficient solutions of order two are given
as follows.

Theorem 4.1. Let X : A = 2¥Y e A, v e R(u), (x—p,y—v) € Sgpm( v) for
each x € A and y € X(x), {y eY:(x,y) € eplN (p, v }

)
for each x € A — p, (z*,¢c,yf) € 02N(u,v) and M = {(
02N (s, )}

(i) If (u,v) is a locally strict efficient solution of order two for (SOPy:), then there
exist U € U (u) and o > 0 such that for each (z3,c1) € M and x1 € (ANU), there
exists ca € Ry,

as the domination property

x¥,c) € X* xRy : (2%, ¢,yf) €

2
(@1, 21 — p) — aller = pll|l = ey — plI” > —ca.

(ii) If there exist U € U (), o > 0 and (z7,c1) € M such that for each z1 €
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(ANUNA{u}, e2 € {7, 91 —v) — (a1, 21 — p) +arflzr — pf s y1 € N(z1)} and c3 € Ry,
(@}, 21— p) — erlloer — pll + c2 + es] — aflwg — pl* >0,

then (p,v) is a locally strict efficient solution of order two for (SOPx).
Proof. (i) According to Definition 4.1, there exist U € U (u) and v > 0 such that for

each 1 € (ANU)\ {u},
({7, R(@1)) = {7, v) +B4) 1 Ba (0,alay — ) = 0.
Thus, for each y; € V(x1),
(Wi —v) | > a o —pl. (5)
By Proposition 3.3, we have for each (z7,c1) € M, there exists co € Ry such that
(Wi, yn —v) = (a1, 21 — p) — aaflzr — pll + ca. (6)
It follows from (5) and (6) that
| (@f, 21— p) = eallen — ]| + 2| > allzy — pl®.
Therefore,
| (@f, 21— p) = ealler = pll| = allzy = pl* > —co.
(ii) Suppose to the contrary that (u, ) is not a locally strict efficient solution of order

two for (SOPy:). Next, we consider two cases.
Case 1: there exists y € X(u) such that

(W1, R(p)) = (yi,v)) N (—intRy) # 0. (7)
According to Proposition 3.3, one has
{y1, X(p) —v) C Ry,

which contradicts (7).
Case 2: for each U € U () and « > 0, there exists 1 € (AN U)\ {p} such that

(i, N(@n) = (i, v) + Ry) 0 Br (0,aflar — pl*) # 0.
Thus, there exist y; € N(z1) and ¢3 € Ry such that
| (i 0 —v) + e < aflar — pl. (8)
By Proposition 3.3, there exists co € Ry such that

Wi,y —v) = (21,71 — p) — c1f|zr — pl| + co. (9)
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It follows from (8) and (9) that
(@l o1 — ) — erllzr — pll + ez + es] < ez — pl?,

which contradicts the assumption. The proof is complete. ]

Remark 4.1. Since Theorem 4.1 does not involve the assumption of mth-order ;-
convexity, it improves and generalizes [17, Theorem 3.1].

Now, we give the next example to illustrate Theorem 4.1 and Remark 4.1.

Example 4.1. Let X' =X =R, Y=Z =R? 5 =C =R%, X : X — 2V be a
set-valued mapping given by R(x) = {(y1,y2) € Y : y1 > 222, yo > 22} and G : X/ — 27
be a set-valued mapping defined by G(x) = {(y1,y2) € Z:x—2 < y;,x —2 < ya}. Then
A={zr e X2z <2}, Take (p,v) = (0,(0,0)), 2 =0, c1 =0, ca =2 y7 = (1,1),
a=1andU = (—1,1).

Calculations give that

Se2piN (1) ={(z, (y1,92)) € Xx Y 1 gy > 227,y > 2?},
G'ED?S‘N (:U’a v)(z) = {(2%2,1’2)},

(0,0,(1,1)) € 92X (u, v)
and
M ={(z",¢c) e Rx Ry : |z¥| < c}.
It is obvious that (u,v) is a locally strict efficient solution of order two for (SOP:) and
(@1, 21— p) = erller = pll| = allzy = pl* > ez, Var € (ANU).

So one shows Theore

4.1(i) here.
Setzy =32,y = (3, &

m
%, i5) C2 = %g. Then, for each c3 € Ry, we have

[ (a1 — p) — edller — pll + ez + o3 — e flar — pl* > 0,
one shows Theorem 4.1(ii) holds here.

Tokem =2, x0 =2, z3=1 and ( = %, we can check that

CR@) + (1 - CP(as) = () €Y i > Lyp > 1)

and

N(Czo + (1 = Q)xz) = {(y1,92) € Y 11 > %m > % -

It is obvious that (*N (z2) + (1 — (?) R (23) € R (Cx2 + (1 — ¢) @2) + 1. In consequence,
N is not a second-order 1 -convex set-valued mapping on A. So Remark 4.1 holds here.
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5. Conclusion

In this article, the locally strict efficient solutions of order two for the composite set-
valued optimization problems are studied. A novel second-order generalized weak sub-
differential of set-valued mappings is not only founded, but also some of its properties
are investigated. Finally, the optimality conditions for locally strict efficient solutions
of order two without any convexity are constructed.
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