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ABSTRACT
In this paper, we firstly introduce a new second-order generalized weak subdifferen-
tial for a set-valued mapping by means of the second-order generalized Studniarski
epiderivative and scalarization. We secondly discuss an existence theorem and some
properties of the second-order generalized weak subdifferential. Finally, we obtain
the optimality conditions for locally strict efficient solutions of order two in a com-
posite set-valued optimization problem. Several main results improve and generalize
the corresponding results in the literature.
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1. Introduction

The crucial significance of the subdifferential in optimization is widely acknowledged,
and there are mainly two ways to define the notion of subdifferential. One approach
is a generalization of the standard definition by using continuous linear mappings, see
[1–7]. Another approach is based on a characterization of the subdifferential using dif-
ferent derivatives. In this framework, Clarke [8] defined the Clarke’s subdifferential by
means of the generalized directional derivative. Afterwards, the notions of subgradients
and subdifferential have been investigated by many authors. Baier and Jahn [9] used
contingent epiderivative to introduce the notion of subdifferential for a cone-convex set-
valued mapping and discussed its properties. Song [10] introduced a notion of the weak
contingent generalized gradient for set-valued mappings associated with the contingent
epiderivative of set-valued mappings. Guo et al. [11] proved an existence theorem of the
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subdifferential for set-valued mappings introduced by Borwein [2] and gave relations be-
tween this subdifferential and the subdifferential introduced by Baier and Jahn [9]. Guo
et al. [12] defined a generalized ϵ-subdifferential for a set-valued mapping by means of
the radial epiderivative and a norm. They also gave a relationship between the existence
of the radial epiderivative and the existence of the generalized ϵ-subdifferential for a set-
valued mapping. Nguyen et al. [13] established KKT-type robust necessary conditions
for robust (weakly) efficient solutions via the subdifferentials of C-derivatives to such
problems. Wei et al. [14] discussed Lagrange multiplier rules via Clarke subdifferentials
for generalized optimization problems. Yalcin and Kasimbeyli [15] established relation-
ships between the radial epiderivative, Clarke’s directional derivative, Rockafellar’s sub-
derivative, and the directional derivative. They also presented explicit formulations for
computing the radial epiderivatives in terms of weak subgradients and vice versa. By
using tools from capacity theory, Alphonse and Wachsmuth [16] derived that derivatives
of the solution maps of the penalised problems converge in the weak operator topology
to an element of the strong-weak Bouligand subdifferential.

Recently, Anh [17] introduced second-order generalized subdifferential for a set-valued
mapping by means of second-order generalized Studniarski epiderivative. Wang and
Zhang [18] defined the second-order weak subdifferential of vector-valued mappings by
means of scalarization and examined some properties of the concept. To the best of
our knowledge, there are numerous set-valued mappings for which the above-mentioned
second-order generalized subdifferentials [17] do not exist. To improve the case, moti-
vated by the work in [12, 17, 18], we introduce a new second-order generalized weak
subdifferential of set-valued mappings, establish some of its properties, and discuss its
applications to optimality conditions of composite set-valued optimization.

This article is structured as follows. In Sect. 2, the primary concepts and definitions
that will be used in the sequel are reviewed. In Sect. 3, a new second-order generalized
weak subdifferential of set-valued mappings is introduced, and a few of its properties are
investigated, such as convexity, the sum rule, etc. In Sect. 4, the second-order generalized
weak subdifferential is exploited to set up the optimality conditions for locally strict
efficient solutions of order two. In Sect. 5, a concise synopsis of the entire article is given.

2. Preliminaries

Throughout the paper, let X and Y be two real topological linear spaces, Rm be an
m-dimensional Euclidean space, and γ1 ⊆ Y be a solid closed convex pointed cone.
BX(x, r) is used for the closed ball with radius r > 0 and centered at x ∈ X and U(x)
for the set of all neighborhoods of x. By X∗ and Y∗ we denote the topological dual
spaces of X and Y, respectively. The dual cone of γ1 is defined as

γ∗1 = {y∗1 ∈ Y∗ : ⟨y∗1, y1⟩ ⩾ 0, ∀y1 ∈ γ1} .

0X and 0Y stand for the original points of X and Y, respectively. The interior and closure
of γ1 are denoted by int γ1 and cl γ1, respectively. cone W1 = {λy1 : λ ≥ 0, y1 ∈ W1}
denotes the cone hull of W1, where W1 is a nonempty subset of Y. The space Y is
endowed with a partial order relation ⪯γ1

/≺γ1
induced by the cone γ1 as follows: for

any y1, y2 ∈ Y

y1 ⪯γ1
y2 if and only if y2 − y1 ∈ γ1,

y1 ≺γ1
y2 if and only if y2 − y1 ∈ int γ1.

2
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Let ℵ : X → 2Y be a set-valued mapping. The graph, epigraph and domain of ℵ are,
respectively, denoted by

grℵ = {(x1, y1) ∈ X× Y : x1 ∈ X, y1 ∈ ℵ(x1)},
epiℵ = {(x1, y1) ∈ X× Y : x1 ∈ X, y1 ∈ ℵ(x1) + γ1}

and

domℵ = {x1 ∈ X : ℵ(x1) ̸= ∅}.

Let y0 ∈ Y. Denote

ℵ(X) =
∪
x∈X

ℵ(x) and ℵ(x)− y0 = ℵ(x)− {y0} .

In what follows we recall also some basic concepts and results.

Definition 2.1. [1] Let W1 be a nonempty subset of Y. W1 is said to be convex if for
any δ ∈ [0, 1] and for each x1, y1 ∈ W1,

δx1 + (1− δ)y1 ∈ W1.

Definition 2.2. [5] A set-valued mapping ℵ : X → 2Y is said to be strictly positive
homogeneous if

ℵ(δx1) = δℵ(x1), ∀δ > 0, x1 ∈ X.

Definition 2.3. [19, 20] Let ℵ : X → 2Y be a set-valued mapping, µ ∈ X′ ⊆ X and
ν ∈ ℵ(µ).

(i) A point (µ, ν) is said to be a minimizer of ℵ on X′, denoted by (µ, ν) ∈ Minγ1
ℵ(X′)

if

(ℵ(X′)− ν) ∩ (−γ1) = {0Y}.

(ii) A point (µ, ν) is said to be a locally strict minimizer of order two, denoted by
(µ, ν) ∈ Strlγ1

(ℵ,X′; 2) if there exist α > 0 and U ∈ U(µ) such that

(ℵ(µ)− ν) ∩ (−γ1) = {0Y}

and

(ℵ(x) + γ1) ∩BY(ν, α∥x− µ∥2) = ∅, ∀x ∈ (X′ ∩ U)\ {µ} .

Definition 2.4. [17, 21, 22] Let ℵ : X → 2Y be a set-valued mapping, µ ∈ X′ ⊆ X and
ν ∈ ℵ(µ).

(i) The contingent cone of X′ at µ is defined by

TX′ (µ) =
{
x ∈ X : ∃tn → 0+, ∃xn → x, s.t. µ+ tnxn ∈ X′} .

(ii) The second-order Studniarski set of epiℵ at (µ, ν) is defined by

3
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S2
epiℵ (µ, ν) = {(x, y) ∈ X× Y : ∃tn → 0+, ∃ (xn, yn) → (x, y)

s.t.
(
µ+ tnxn, ν + t2nyn

)
∈ epiℵ

}
.

(iii)The second-order generalized Studniarski epiderivative G-ED2
Sℵ (µ, ν) of ℵ at

(µ, ν) is the set-valued mapping from TX′ (µ) to Y defined by

G-ED2
Sℵ (µ, ν) (x) = Minγ1

{
y ∈ Y : (x, y) ∈ S2

epiℵ (µ, ν)
}
.

Remark 2.1. From [23, Proposition 2.3], we know that TX′ (µ) = cl cone(X′ − µ) if X′

is convex.

Definition 2.5. [19, 24] A subset W1 of Y fulfills the domination property if W1 ⊆
Minγ1

W1 + γ1.

Definition 2.6. [25] A set-valued mapping ℵ : Q → 2Y, where Q is a nonempty set of
X, is called to be generalized γ1-subconvexlike on Q if there exists θ ∈ int γ1 such that
for each x1, x2 ∈ Q, ζ ∈ [0, 1] and ϵ > 0, there exist x3 ∈ Q and η > 0,

ϵθ + ζℵ(x1) + (1− ζ)ℵ(x2) ⊆ ηℵ (x3) + γ1.

Remark 2.2. It follows from [25, Theorem 2.1] that coneℵ (Q) + int γ1 is convex if ℵ
is generalized γ1-subconvexlike on Q.

3. Second-order generalized weak subdifferentials

In this section, we introduce a new second-order generalized weak subdifferential of
set-valued mappings and discuss its existence and some properties. To start, we shall
expound upon the lemma and definition below.

Lemma 3.1. Let ℵ : X → 2Y be generalized γ1-subconvexlike on X. Then one and only
one of the following statements is true:

(i) There exists x ∈ X such that

ℵ(x) ∩ (− int γ1) ̸= ∅;

(ii) There exists φ ∈ γ∗1\ {0Y∗} such that

⟨φ, y⟩ ≥ 0, ∀y ∈ ℵ(X).

Proof. By Remark 2.2, we obtain coneℵ(X) + int γ1 is convex. The desired conclusion
can be obtained by [26, Theorem 3.1]. Thus, the proof of this lemma is complete.

Definition 3.1. [17] Let ℵ : X → 2Y be a set-valued mapping, µ ∈ X′ ⊆ X and ν ∈ ℵ(µ).
The second-order generalized subdifferential of ℵ at (µ, ν) on X′ is defined by

∂2ℵ (µ, ν) =
{
L ∈ L(X,Y) : G-ED2

Sℵ (µ, ν) (x1) ⊆ L(x1) + γ1, ∀x1 ∈ TX′ (µ)
}
,

where L(X,Y) denotes the space of linear operators from X to Y.

4
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Motivated by the subdifferentials in [12, 17, 18], we propose the new second-order
generalized weak subdifferential for a set-valued mapping.

Definition 3.2. Let ℵ : X → 2Y be a set-valued mapping, µ ∈ X′ ⊆ X, ν ∈ ℵ(µ)
and G-ED2

Sℵ (µ, ν) exists. A pair (x∗1, c, y
∗
1) ∈ X∗ × R+ × γ∗1 is called the second-order

generalized weak subgradient of ℵ at (µ, ν) on X′ if

⟨y∗1, y1⟩ ≥ ⟨x∗1, x1⟩ − c∥x1∥, ∀x1 ∈ TX′ (µ) , y1 ∈ G-ED2
Sℵ (µ, ν) (x1).

The set

∂2
wℵ(µ, ν)
=

{
(x∗1, c, y

∗
1) : ⟨y∗1, y1⟩ ≥ ⟨x∗1, x1⟩ − c∥x1∥, ∀x1 ∈ TX′ (µ) , y1 ∈ G-ED2

Sℵ (µ, ν) (x1)
}

of all second-order generalized weak subgradients of ℵ at (µ, ν) on X′ is called the
second-order generalized weak subdifferential of ℵ at (µ, ν) on X′. ℵ is called second-
order generalized weak subdifferentiable at (µ, ν) on X′ if ∂2

wℵ(µ, ν) ̸= ∅. Obviously,
(0X∗ , 0, 0Y∗) ∈ ∂2

wℵ(µ, ν).

Remark 3.1. It is clear that ℵ is second-order generalized weak subdifferentiable at
(µ, ν) if ℵ is second-order generalized subdifferentiable at (µ, ν), and the converse may
fail. So the notion of the second-order generalized weak subdifferential is better than the
second-order generalized subdifferential.

The next example illustrates Remark 3.1.

Example 3.1. Let X′ = X = R, Y = R2, L(X,Y) be the space of linear operators from
X into Y, γ1 = R2

+ and ℵ : X → 2Y be a set-valued mapping given by ℵ(x) = {(y1, y2) ∈
Y : y1 + y2 ≥ x2}. Take (µ, ν) = (0, (0, 0)). Then we obtain

G-ED2
Sℵ(0, (0, 0))(x) =

{
(y1, y2) ∈ Y : y1 + y2 = x2

}

and

(0, 0, (1, 1)) ∈ ∂2
wℵ(0, (0, 0))

=
{
(x∗1, c1, (y

∗
1, y

∗
2)) ∈ R× R3

+ : x∗1x ≤ c1|x|+ y∗1y1 + y∗2y2, x
2 = y1 + y2

}
.

It follows from [17] that

∂2ℵ (0, (0, 0))

=
{
L ∈ L(X,Y) : G-ED2

Sℵ (0, (0, 0)) (x) ⊆ L(x) + γ1, ∀x ∈ TX′ (0)
}
= ∅.

We now discuss the existence of the second-order generalized weak subgradients.

Theorem 3.1. Let ℵ : X → 2Y, µ ∈ X′ ⊆ X, ν ∈ ℵ(µ) and G-ED2
Sℵ (µ, ν) ex-

ists. If G-ED2
Sℵ (µ, ν) (TX′ (µ)) ∩ (− int γ1) = ∅ and G-ED2

Sℵ (µ, ν) is generalized γ1-
subconvexlike on TX′ (µ), then ∂2

wℵ (µ, ν) ̸= ∅.

Proof. By Lemma 3.1, it follows that there exists (x∗, c, y∗) ∈ X∗ × R+ × (γ∗1\{0Y∗})

5
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such that

⟨y∗, y⟩ ≥ 0 = ⟨x∗, x⟩ − c∥x∥, ∀x ∈ TX′ (µ) , y ∈ G-ED2
Sℵ (µ, ν) (x).

Thus, (0X∗ , 0, y∗) ∈ ∂2
wℵ(µ, ν). This completes the proof.

In the remaining sections, we always assume that second-order generalized Stud-
niarski epiderivatives exist. Now we discuss some properties of the second-order gener-
alized weak subdifferentials.

Proposition 3.1. Let ℵ : X → 2Y be a set-valued mapping, µ ∈ X′ ⊆ X and ν ∈ ℵ(µ).
Then the set ∂2

wℵ(µ, ν) is convex.

Proof. Let (x1, c1, y1) , (x2, c2, y2) ∈ ∂2
wℵ(µ, ν) and ζ ∈ [0, 1]. Then, it follows from

Definition 3.2 that

⟨y1, y⟩ ≥ ⟨x1, x⟩ − c1∥x∥, ∀x ∈ TX′ (µ) , y ∈ G-ED2
Sℵ (µ, ν) (x),

⟨y2, y⟩ ≥ ⟨x2, x⟩ − c2∥x∥, ∀x ∈ TX′ (µ) , y ∈ G-ED2
Sℵ (µ, ν) (x)

and

ζ ⟨y1, y⟩ ≥ ζ ⟨x1, x⟩ − ζc1∥x∥, ∀x ∈ TX′ (µ) , y ∈ G-ED2
Sℵ (µ, ν) (x), (1)

(1− ζ) ⟨y2, y⟩ ≥ (1− ζ) ⟨x2, x⟩ − (1− ζ)c2∥x∥, ∀x ∈ TX′ (µ) , y ∈ G-ED2
Sℵ (µ, ν) (x).

(2)
Together with (1) and (2), we have

⟨ζy1 + (1− ζ)y2, y⟩ ≥ ⟨ζx1 + (1− ζ)x2, x⟩
− (ζc1 + (1− ζ)c2)∥x∥, ∀x ∈ TX′ (µ) , y ∈ G-ED2

Sℵ (µ, ν) (x)

and

(ζx1 + (1− ζ)x2, ζc1 + (1− ζ)c2, ζy1 + (1− ζ)y2) ∈ ∂2
wℵ(µ, ν).

Therefore, we obtain that the set ∂2
wℵ(µ, ν) is convex. That’s the end of the proof.

Proposition 3.2. Let ℵ : X → 2Y be a set-valued mapping, µ ∈ X and ν ∈ ℵ(µ). If ℵ
is strictly positive homogeneous, then

∂2
wℵ(δµ, ν1) = ∂2

wℵ(µ, ν), ∀δ > 0,

where ν1 = δν.

Proof. We first prove that ∂2
wℵ(δµ, ν1) ⊆ ∂2

wℵ(µ, ν).
Let (x∗, c, y∗) ∈ ∂2

wℵ(δµ, ν1). Note that, by Definition 3.2, we have

⟨y∗, y1⟩ ≥ ⟨x∗, δx⟩ − c∥δx∥, ∀δx ∈ TX (δµ) , y1 ∈ G-ED2
Sℵ (δµ, ν1) (δx).

6
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Since ℵ is strictly positive homogeneous and TX (δµ) = TX (µ), one gets

G-ED2
Sℵ (δµ, ν1) (δx) = Minγ1

{
y1 ∈ Y : (δx, y1) ∈ S2

epiℵ (δµ, ν1)
}

= Minγ1

{
δy ∈ Y : (x, y) ∈ S2

epiℵ (µ, ν)
}

= δ Minγ1

{
y ∈ Y : (x, y) ∈ S2

epiℵ (µ, ν)
}

= δG-ED2
Sℵ (µ, ν) (x).

Moreover,

⟨y∗, δy⟩ ≥ ⟨x∗, δx⟩ − c∥δx∥, ∀x ∈ TX (µ) , y ∈ G-ED2
Sℵ (µ, ν) (x),

i.e.,

⟨y∗, y⟩ ≥ ⟨x∗, x⟩ − c∥x∥, ∀x ∈ TX (µ) , y ∈ G-ED2
Sℵ (µ, ν) (x),

that is,

(x∗, c, y∗) ∈ ∂2
wℵ(µ, ν).

Thus, we obtain

∂2
wℵ(δµ, ν1) ⊆ ∂2

wℵ(µ, ν).

Next, we prove that ∂2
wℵ(µ, ν) ⊆ ∂2

wℵ(δµ, ν1).
Let (x∗, c, y∗) ∈ ∂2

wℵ(µ, ν). Then, it follows from Definition 3.2 that

⟨y∗, y⟩ ≥ ⟨x∗, x⟩ − c∥x∥, ∀x ∈ TX (µ) , y ∈ G-ED2
Sℵ (µ, ν) (x).

Since δ > 0, we have

⟨y∗, δy⟩ ≥ ⟨x∗, δx⟩ − c∥δx∥, ∀x ∈ TX (µ) , y ∈ G-ED2
Sℵ (µ, ν) (x).

Also, since ℵ is strictly positive homogeneous and TX (δµ) = TX (µ), it holds that

δG-ED2
Sℵ (µ, ν) (x) = G-ED2

Sℵ (δµ, ν1) (δx).

Moreover,

⟨y∗, y1⟩ ≥ ⟨x∗, δx⟩ − c∥δx∥, ∀δx ∈ TX (δµ) , y1 ∈ G-ED2
Sℵ (δµ, ν1) (δx),

i.e.,

(x∗, c, y∗) ∈ ∂2
wℵ(δµ, ν1),

that is,

∂2
wℵ(µ, ν) ⊆ ∂2

wℵ(δµ, ν1).

7
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Then, we obtain

∂2
wℵ(δµ, ν1) = ∂2

wℵ(µ, ν).

Thus, this completes the proof of the proposition.

Proposition 3.3. Let ℵ : X → 2Y be a set-valued mapping, µ ∈ X′ ⊆ X and ν ∈ ℵ(µ).
If the following conditions are satisfied:

(i) (x− µ, y − ν) ∈ S2
epiℵ (µ, ν) for each x ∈ X′ and y ∈ ℵ(x);

(ii)
{
y ∈ Y : (x, y) ∈ S2

epiℵ (µ, ν)
}

fulfills the domination property for each x ∈ X′−µ;
then for each (x∗1, c, y

∗
1) ∈ ∂2

wℵ(µ, ν), x1 ∈ X′ and y1 ∈ ℵ(x),

⟨y∗1, y1 − ν⟩ ∈ ⟨x∗1, x1 − µ⟩ − c∥x1 − µ∥+ R+.

Proof. For each x1 ∈ X′ and y1 ∈ ℵ(x1), it follows from the domination property that

y1 − ν ∈ G-ED2
Sℵ (µ, ν) (x1 − µ) + γ1.

From Definition 3.2, one gets

⟨y∗1, y1 − ν⟩ ∈ ⟨x∗1, x1 − µ⟩ − c∥x1 − µ∥+ R+.

The proof is complete.

Proposition 3.4. Let ℵ, G and ℵ + G : X → 2Y be three set-valued mappings, µ ∈
X′ ⊆ X, ν ∈ ℵ(µ), ν1 ∈ G(µ) and ν2 = ν + ν1. If G-ED2

Sℵ (µ, ν) (TX′ (µ)) ⊆ γ1,
G-ED2

SG (µ, ν1) (TX′ (µ)) ⊆ γ1 and G-ED2
S(ℵ + G) (µ, ν2) (x) ⊆ G-ED2

Sℵ (µ, ν) (x) +
G-ED2

SG (µ, ν1) (x) for each x ∈ TX′ (µ), then

∂2
wℵ(µ, ν) + ∂2

wG(µ, ν1) ⊆ ∂2
w(ℵ+G)(µ, ν2).

Proof. Let (x∗1, c1, y
∗
1) ∈ ∂2

wℵ(µ, ν) and (x∗2, c2, y
∗
2) ∈ ∂2

wG(µ, ν1). Then, by Definition
3.2, we obtain

⟨y∗1, y⟩ ≥ ⟨x∗1, x⟩ − c1∥x∥, ∀x ∈ TX′ (µ) , y ∈ G-ED2
Sℵ (µ, ν) (x)

and

⟨y∗2, y1⟩ ≥ ⟨x∗2, x⟩ − c2∥x∥, ∀x ∈ TX′ (µ) , y1 ∈ G-ED2
SG (µ, ν1) (x).

Since G-ED2
Sℵ (µ, ν) (TX′ (µ)) ⊆ γ1 and G-ED2

SG (µ, ν1) (TX′ (µ)) ⊆ γ1, we have

⟨y∗1 + y∗2, y⟩ ≥ ⟨x∗1, x⟩ − c1∥x∥, ∀x ∈ TX′ (µ) , y ∈ G-ED2
Sℵ (µ, ν) (x) (3)

and

⟨y∗1 + y∗2, y1⟩ ≥ ⟨x∗2, x⟩ − c2∥x∥, ∀x ∈ TX′ (µ) , y1 ∈ G-ED2
SG (µ, ν1) (x). (4)

8
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Together with (3) and (4), one has

⟨y∗1 + y∗2, y + y1⟩ ≥ ⟨x∗1 + x∗2, x⟩ − (c1 + c2)∥x∥,
∀x ∈ TX′ (µ) , y ∈ G-ED2

Sℵ (µ, ν) (x), y1 ∈ G-ED2
SG (µ, ν1) (x).

Since

G-ED2
S(ℵ+G) (µ, ν2) (x) ⊆ G-ED2

Sℵ (µ, ν) (x) +G-ED2
SG (µ, ν1) (x), ∀x ∈ TX′ (µ) ,

one gets

⟨y∗1 + y∗2, y2⟩ ≥ ⟨x∗1 + x∗2, x⟩ − (c1 + c2)∥x∥,
∀x ∈ TX′ (µ) , y2 ∈ G-ED2

S(ℵ+G) (µ, ν2) (x).

So

(x∗1, c1, y
∗
1) + (x∗2, c2, y

∗
2) ∈ ∂2

w(ℵ+G)(µ, ν2).

Therefore,

∂2
wℵ(µ, ν) + ∂2

wG(µ, ν1) ⊆ ∂2
w(ℵ+G)(µ, ν2).

The proof is complete.

Remark 3.2. (i) When G-ED2
Sℵ (µ, ν) (TX′ (µ)) ̸⊆ γ1, the conclusion of Proposition

3.4 may not hold.
(ii)

√
2 can not be omitted in [27, Theorem 4]. However, Proposition 3.4 need not be

pointed out.

Now, we give two examples to illustrate Proposition 3.4 and Remark 3.2(i), respec-
tively.

Example 3.2. Let X′ = X = R, Y = R2, γ1 = R2
+ and G : X → 2Y be defined,

respectively, by ℵ(x) = {(y1, y2) ∈ Y : y1 ≥ x2, y2 ≥ x2} and G(x) = {(y1, y2) ∈ Y :
y1 ≥ 2x2, y2 ≥ 2x2}. Take (µ, ν) = (µ, ν1) = (µ, ν2) = (0, (0, 0)). Then

G-ED2
Sℵ (µ, ν) (x) = {(x2, x2)},

G-ED2
SG (µ, ν1) (x) = {(2x2, 2x2)}

and

G-ED2
S(ℵ+G) (µ, ν2) (x) = {(3x2, 3x2)}.

By direct calculation, we get

∂2
wℵ(0, (0, 0)) =

{
(x∗1, c1, (y

∗
1, y

∗
2)) ∈ R× R3

+ : |x∗1| ≤ c1
}
,

∂2
wG(0, (0, 0)) =

{
(x∗2, c2, (y

∗
1, y

∗
2)) ∈ R× R3

+ : |x∗2| ≤ c2
}

9
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and

∂2
w(ℵ+G)(0, (0, 0)) =

{
(x∗, c, (y∗1, y

∗
2)) ∈ R× R3

+ : |x∗| ≤ c
}
.

Obviously,

∂2
wℵ(0, (0, 0)) + ∂2

wG(0, (0, 0)) =
{
(x∗, c, (y∗1, y

∗
2)) ∈ R× R3

+ : |x∗| ≤ c
}

⊆ ∂2
w(ℵ+G)(0, (0, 0)).

So Proposition 3.4 holds here.

Example 3.3. Let X′ = X = R, Y = R2, γ1 = R2
+ and G : X → 2Y be defined,

respectively, by ℵ(x) = {(y1, y2) ∈ Y : y1 + y2 ≥ x2} and G(x) = {(y1, y2) ∈ Y : y1 ≥
2x2, y2 ≥ 2x2}. Take (µ, ν) = (µ, ν1) = (µ, ν2) = (0, (0, 0)). Then

G-ED2
Sℵ (µ, ν) (x) = {(y1, y2) ∈ Y : y1 + y2 = x2},

G-ED2
SG (µ, ν1) (x) = {2x2, 2x2}

and

G-ED2
S(ℵ+G) (µ, ν2) (x) = {(y1, y2) ∈ Y : y1 + y2 = 5x2}.

By direct calculation, we get

(0, 0, (1, 1)) ∈ ∂2
wℵ(0, (0, 0))

=
{
(x∗1, c1, (y

∗
1, y

∗
2)) ∈ R× R3

+ : x∗1x ≤ c1|x|+ y∗1y1 + y∗2y2, x
2 = y1 + y2

}
,

(0, 0, (1, 2)) ∈ ∂2
wG(0, (0, 0)) =

{
(x∗2, c2, (y

∗
1, y

∗
2)) ∈ R× R3

+ : |x∗2| ≤ c2
}

and

∂2
w(ℵ+G)(0, (0, 0))

=
{
(x∗, c, (y∗1, y

∗
2)) ∈ R× R3

+ : x∗x ≤ c|x|+ y∗1y1 + y∗2y2, 5x
2 = y1 + y2

}
.

Obviously,

(0, 0, (1, 1)) + (0, 0, (1, 2)) = (0, 0, (2, 3))

/∈ ∂2
w(ℵ+G)(0, (0, 0)).

So one shows Remark 3.2(i) here.

By Proposition 3.4, we obtain the following corollary.

Corollary 3.1. Let ℵi : X → 2Y be set-valued mappings, i = 1, . . . , l, µ ∈ X′ ⊆
X, νi ∈ ℵi(µ) and z̆ =

∑l
i=1 νi. If G-ED2

Sℵi (µ, νi) (TX′ (µ)) ⊆ γ1, i = 1, . . . , l and

10
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G-ED2
S(
∑l

i=1 ℵi) (µ, z̆) (x) ⊆
∑l

i=1G-ED2
Sℵi (µ, νi) (x) for each x ∈ TX′ (µ), then

l∑
i=1

∂2
wℵi(µ, νi) ⊆ ∂2

w(

l∑
i=1

ℵi)(µ, z̆).

4. Optimality conditions

In this section, let Z be a real topological linear space and C ⊆ Z be a closed convex
pointed cone with intC ̸= ∅. We consider the following constrained set-valued optimiza-
tion problem:

(SOP)
{

min ℵ(x),
s.t. G(x) ∩ (−C) ̸= ∅, x ∈ X′,

where X′ is a nonempty subset of X, ℵ : X′ −→ 2Y and G : X′ −→ 2Z are two set-valued
mappings. Let A = {x ∈ X′ : G(x)∩ (−C) ̸= ∅}. Now, consider the following composite
set-valued optimization problem for (SOP):

(SOPφ)

{
min ⟨φ,ℵ(x)⟩ ,
s.t. x ∈ A,

where φ ∈ Y∗\ {0Y∗}.

Definition 4.1. [20] Let µ ∈ A and ν ∈ ℵ(µ). A point (µ, ν) is said to be a locally strict
efficient solution of order two for (SOPφ) if there exist α > 0 and U ∈ U (µ) such that

(⟨φ,ℵ(µ)⟩ − ⟨φ, ν⟩) ∩ (−R+) = {0}

and

(⟨φ,ℵ(x)⟩+ R+) ∩BR(⟨φ, ν⟩ , α∥x− µ∥2) = ∅, ∀x ∈ (A ∩ U)\ {µ} .

The optimality conditions for locally strict efficient solutions of order two are given
as follows.

Theorem 4.1. Let ℵ : A → 2Y, µ ∈ A, ν ∈ ℵ(µ), (x− µ, y − ν) ∈ S2
epiℵ (µ, ν) for

each x ∈ A and y ∈ ℵ(x),
{
y ∈ Y : (x, y) ∈ S2

epiℵ (µ, ν)
}

has the domination property
for each x ∈ A− µ, (x∗, c, y∗1) ∈ ∂2

wℵ(µ, ν) and M = {(x∗, c) ∈ X∗ × R+ : (x∗, c, y∗1) ∈
∂2
wℵ(µ, ν)}.
(i) If (µ, ν) is a locally strict efficient solution of order two for (SOPy∗

1
), then there

exist U ∈ U (µ) and α > 0 such that for each (x∗1, c1) ∈ M and x1 ∈ (A ∩ U), there
exists c2 ∈ R+,

| ⟨x∗1, x1 − µ⟩ − c1∥x1 − µ∥| − α ∥x1 − µ∥2 > −c2.

(ii) If there exist U ∈ U (µ), α > 0 and (x∗1, c1) ∈ M such that for each x1 ∈

11
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(A∩U)\ {µ}, c2 ∈ {⟨y∗1, y1 − ν⟩− ⟨x∗1, x1 − µ⟩+ c1∥x1−µ∥ : y1 ∈ ℵ(x1)} and c3 ∈ R+,

| ⟨x∗1, x1 − µ⟩ − c1∥x1 − µ∥+ c2 + c3| − α ∥x1 − µ∥2 > 0,

then (µ, ν) is a locally strict efficient solution of order two for (SOPy∗
1
).

Proof. (i) According to Definition 4.1, there exist U ∈ U (µ) and α > 0 such that for
each x1 ∈ (A ∩ U)\ {µ},

(⟨y∗1,ℵ(x1)⟩ − ⟨y∗1, ν⟩+ R+) ∩BR

(
0, α ∥x1 − µ∥2

)
= ∅.

Thus, for each y1 ∈ ℵ(x1),

| ⟨y∗1, y1 − ν⟩ | > α ∥x1 − µ∥2 . (5)

By Proposition 3.3, we have for each (x∗1, c1) ∈ M , there exists c2 ∈ R+ such that

⟨y∗1, y1 − ν⟩ = ⟨x∗1, x1 − µ⟩ − c1∥x1 − µ∥+ c2. (6)

It follows from (5) and (6) that

| ⟨x∗1, x1 − µ⟩ − c1∥x1 − µ∥+ c2| > α ∥x1 − µ∥2 .

Therefore,

| ⟨x∗1, x1 − µ⟩ − c1∥x1 − µ∥| − α ∥x1 − µ∥2 > −c2.

(ii) Suppose to the contrary that (µ, ν) is not a locally strict efficient solution of order
two for (SOPy∗

1
). Next, we consider two cases.

Case 1: there exists y ∈ ℵ(µ) such that

(⟨y∗1,ℵ(µ)⟩ − ⟨y∗1, ν⟩) ∩ (− intR+) ̸= ∅. (7)

According to Proposition 3.3, one has

⟨y∗1,ℵ(µ)− ν⟩ ⊆ R+,

which contradicts (7).
Case 2: for each U ∈ U (µ) and α > 0, there exists x1 ∈ (A ∩ U)\ {µ} such that

(⟨y∗1,ℵ(x1)⟩ − ⟨y∗1, ν⟩+ R+) ∩BR

(
0, α ∥x1 − µ∥2

)
̸= ∅.

Thus, there exist y1 ∈ ℵ(x1) and c3 ∈ R+ such that

| ⟨y∗1, y1 − ν⟩+ c3| ≤ α ∥x1 − µ∥2 . (8)

By Proposition 3.3, there exists c2 ∈ R+ such that

⟨y∗1, y1 − ν⟩ = ⟨x∗1, x1 − µ⟩ − c1∥x1 − µ∥+ c2. (9)

12
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It follows from (8) and (9) that

| ⟨x∗1, x1 − µ⟩ − c1∥x1 − µ∥+ c2 + c3| ≤ α ∥x1 − µ∥2 ,

which contradicts the assumption. The proof is complete.

Remark 4.1. Since Theorem 4.1 does not involve the assumption of mth-order γ1-
convexity, it improves and generalizes [17, Theorem 3.1].

Now, we give the next example to illustrate Theorem 4.1 and Remark 4.1.

Example 4.1. Let X′ = X = R, Y = Z = R2, γ1 = C = R2
+, ℵ : X′ → 2Y be a

set-valued mapping given by ℵ(x) = {(y1, y2) ∈ Y : y1 ≥ 2x2, y2 ≥ x2} and G : X′ → 2Z

be a set-valued mapping defined by G(x) = {(y1, y2) ∈ Z : x−2 ≤ y1, x−2 ≤ y2}. Then
A = {x ∈ X : x ≤ 2}. Take (µ, ν) = (0, (0, 0)), x∗1 = 0, c1 = 0, c2 = 2 y∗1 = (1, 1),
α = 1 and U = (−1, 1).

Calculations give that

S2
epiℵ (µ, ν) = {(x, (y1, y2)) ∈ X× Y : y1 ≥ 2x2, y2 ≥ x2},

G-ED2
Sℵ (µ, ν) (x) = {(2x2, x2)},

(0, 0, (1, 1)) ∈ ∂2
wℵ(µ, ν)

and

M = {(x∗, c) ∈ R× R+ : |x∗| ≤ c} .

It is obvious that (µ, ν) is a locally strict efficient solution of order two for (SOPy∗
1
) and

| ⟨x∗1, x1 − µ⟩ − c1∥x1 − µ∥| − α ∥x1 − µ∥2 > −c2, ∀x1 ∈ (A ∩ U).

So one shows Theorem 4.1(i) here.
Set x1 = 3

4 , y1 = (98 ,
9
16), c2 =

27
16 . Then, for each c3 ∈ R+, we have

| ⟨x∗1, x1 − µ⟩ − c1∥x1 − µ∥+ c2 + c3| − α ∥x1 − µ∥2 > 0,

one shows Theorem 4.1(ii) holds here.
Take m = 2, x2 = 2, x3 = 1 and ζ = 1

2 , we can check that

ζ2ℵ(x2) + (1− ζ2)ℵ(x3) = {(y1, y2) ∈ Y : y1 ≥
7

2
, y2 ≥

7

4
}

and

ℵ(ζx2 + (1− ζ)x3) = {(y1, y2) ∈ Y : y1 ≥
9

2
, y2 ≥

9

4
}.

It is obvious that ζ2ℵ (x2)+
(
1− ζ2

)
ℵ (x3) ⊈ ℵ (ζx2 + (1− ζ)x2)+γ1. In consequence,

ℵ is not a second-order γ1-convex set-valued mapping on A. So Remark 4.1 holds here.

13
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5. Conclusion

In this article, the locally strict efficient solutions of order two for the composite set-
valued optimization problems are studied. A novel second-order generalized weak sub-
differential of set-valued mappings is not only founded, but also some of its properties
are investigated. Finally, the optimality conditions for locally strict efficient solutions
of order two without any convexity are constructed.

Acknowledgements

This research was partially supported by the technology research project of Chongqing
Municipality Education Commission (KJZDK202300708) and the Research and Inno-
vation Program for Graduate Students in Chongqing (No.CYS240517).

References

[1] Rockafellar, R.T. (1970), Convex Analysis, Princeton University Press: Princeton, NJ,
USA.

[2] Borwein, J.M. (1981), “A Lagrange multiplier theorem and a sandwich theorem for convex
relations”, Mathematica Scandinavica 48(2), 189-204.

[3] Yang, X.Q. (1992), “A Hahn-Banach theorem in ordered linear spaces and its applica-
tions”, Optimization 25(1), 1-9.

[4] Chen, G.Y. and Craven, B.D. (1990), “A vector variational inequality and optimization
over an efficient set”, Zeitschrift für Operations Research 34(1), 1-12.

[5] Chen, G.Y. and Jahn, J. (1998), “Optimality conditions for set-valued optimization prob-
lems”, Mathematical Methods of Operations Research 48(2), 187-200.

[6] İnceoğlu, G. (2021), “Some properties of second-order weak subdifferentials”, Turkish
Journal of Mathematics 45(2), 955-960.

[7] Zhai, Y.W., Yu, G.L., Tang, T. and Han, W.Y. (2025), “Optimal conditions in uncertain
set-valued optimization problems via second-order subdifferential involving Minkowski
difference with application to zero-sum matrix games”, Journal of Computational and
Applied Mathematics 464, 116530.

[8] Clarke, F.H. (1983), Optimization and Nonsmooth Analysis, A Wiley-Interscience Publi-
cation, John Wiley & Sons, Inc., New York.

[9] Baier, J. and Jahn, J. (1999), “On subdifferentials of set-valued maps”, Journal of Opti-
mization Theory and Applications 100(1), 233-240.

[10] Song, W. (2003), “Weak subdifferential of set-valued mappings”, Optimization 52(3),
263-276.

[11] Guo, X.L., Li, S.J. and Teo, K.L. (2012), “Subdifferential and optimality conditions for
the difference of set-valued mappings”, Positivity 16(2), 321-337.

[12] Guo, X.L., Zhao, C.J. and Li, Z.W. (2014), “On generalized ϵ-subdifferential and radial
epiderivative of set-valued mappings”, Optimization Letters 8(5), 1707-1720.

[13] Nguyen, T.T.T., Su, T.V. and Linh, D.H. (2024), “Robust optimality conditions for mul-
tiobjective programming problems under data uncertainty and its applications”, Opti-
mization 73(3), 641-672.

[14] Wei, Z., Chen, L. and Yao, J.C. (2024), “Outer approximation for pseudo-convex mixed-
integer nonlinear program problems”, Journal of Nonlinear and Variational Analysis 8(2),
181-197.

[15] Yalcin, G.D. and Kasimbeyli, R. (2024), “Generalized derivatives and optimality con-

14



Second-order generalized weak subdifferentials and applications...	 113IJMSOR Cong Ma, Qilin Wang, Yao Lei, Xiyun Qiu

ditions in nonconvex optimization”, Bulletin of the Malaysian Mathematical Sciences
Society 47(81), 1-30.

[16] Alphonse, A. and Wachsmuth, G. (2025), “Subdifferentials and penalty approximations
of the obstacle problem”, SIAM Journal on Optimization 35(3), 2017-2039.

[17] Anh, N.L.H. (2018), “Higher-order generalized Studniarski epiderivative and its applica-
tions in set-valued optimization”, Positivity 22(5), 1371-1385.

[18] Wang, Q.L. and Zhang, Y.S. (2024), “Second-order weak subdifferentials of vector-valued
maps and its applications to optimality conditions”, Journal of Nonlinear and Convex
Analysis 25(8), 1853-1865.

[19] Luc, D.T. (1989), Theory of Vector Optimization, Springer, Berlin, USA.
[20] Flores-Bazán, F. and Jiménez, B. (2009), “Strict efficiency in set-valued optimization”,

SIAM Journal on Control and Optimization 48(2), 881-908.
[21] Aubin, J.P. and Frankowska, H. (1990), Set-Valued Analysis, Birkhäuser Boston Basel

Berlin.
[22] Anh, N.L.H. (2016), “Higher-order optimality conditions for strict and weak efficient

solutions in set-valued optimization”, Positivity 20(2), 499-514.
[23] Jiménez, B. and Novo, V. (2003), “Second-order necessary conditions in set constrained

differentiable vector optimization”, Mathematical Methods of Operations Research 58(2),
299-317.

[24] Jahn, J. (2004), Vector Optimization: Theory, Applications, and Extensions, Springer,
Berlin, USA.

[25] Yang, X.M., Yang, X.Q. and Chen, G.Y. (2000), “Theorems of the alternative and opti-
mization with set-valued maps”, Journal of Optimization Theory and Applications 107(3),
627-640.

[26] Chen, G.Y. and Rong, W.D. (1998), “Characterizations of the Benson proper efficiency
for nonconvex vector optimization”, Journal of Optimization Theory and Applications
98(2), 365-384.

[27] Zhai, Y.W., Wang, Q.L. and Tang, T. (2022), “Optimality conditions and dualities for
robust efficient solutions of uncertain set-valued optimization with set-order relations”,
Axioms 11(11), 648.

15


